Abstract. We study a modified version of Rognes' logarithmic structures on structured ring spectra. In our setup, we obtain canonical logarithmic structures on connective K-theory spectra which approximate the respective periodic spectra. The inclusion of the p-complete Adams summand into the p-complete connective complex K-theory spectrum is compatible with these logarithmic structures. The vanishing of appropriate logarithmic topological André-Quillen homology groups confirms that the inclusion of the Adams summand should be viewed as a tamely ramified extension of ring spectra.
Introduction
A pre-log structure on a commutative ring A is a commutative monoid M together with a monoid map α : M → (A, ·) into the multiplicative monoid of A. It is a log structure if the map α −1 (A × ) → A × from the submonoid α −1 (A × ) ⊆ M of elements mapping to the units A × of A is an isomorphism. The trivial log structure A × → (A, ·) is the easiest example. A log ring is a commutative ring with a log structure. This notion is the affine version of the log schemes studied in algebraic geometry. Log schemes are useful because they for example enlarge the range of smooth andétale maps.
We consider a very basic example of interest to us: An integral domain A may be viewed as a log ring (A, M ) with M = A \ 0. The localization map to its fraction field A → K = A[M −1 ] admits a factorization
in log rings, and we may view (A, M ) as an intermediate localization of A which is "milder" than K. In contrast, A → K does in general not factor in a non-trivial way as a map of commutative rings. We switch to the topological K-theory spectra of algebraic topology. Consider the inclusion p → ku p of the p-complete Adams summand into the p-complete connective complex K-theory spectrum ku p . On homotopy groups, it induces a map
sending v 1 to u p−1 . Since p − 1 is invertible in Z p , this map of homotopy groups behaves like a tamely ramified extension if we interpret u and v 1 as uniformizers. As observed by Hesselholt and explained by Ausoni [1, §10.4] , computations of the topological Hochschild homology THH of ku p and p provide a much deeper reason for why p → ku p should be viewed as a tamely ramified extension on the level of structured ring spectra: On certain relative THH terms, p → ku p shows the same behavior as tamely ramified extensions of discrete valuation rings whose THH is studied by Hesselholt-Madsen [8, §2] . This is also supported by the THH localization sequences for p and ku p established by Blumberg-Mandell [6] .
In order to explain this and other phenomena arising in connection with the THH and algebraic K-theory of structured ring spectra, Rognes introduced a notion of log ring spectra [14] . This is a homotopical generalization of the log rings defined above in which ring spectra play the role of commutative rings. One question that remained open in Rognes' work was how to extend p → ku p to a formally logétale map of log ring spectra, i.e, a map whose log topological André-Quillen homology vanishes. In the algebraic setup, the vanishing of the corresponding module of log Kähler differentials detects tame ramification. So being formally logétale is one reasonable candidate for a definition of a tamely ramified extension of ring spectra, and p → ku p should be formally logétale with respect to suitable log structures.
The aim of the present paper is to resolve the above issue by modifying Rognes' definition to what we call graded log ring spectra. There are canonical graded log structures on connective K-theory spectra like ku p and p turning them into graded log ring spectra. Generalizing the algebraic example (1.1), the latter provide intermediate objects between connective and periodic K-theory spectra equipped with their trivial graded log structures. The localizations of these intermediate graded log ring spectra are the respective periodic K-theory spectra. Moreover, p → ku p extends to a map of graded log ring spectra which is formally graded loǵ etale, that is, a map whose graded log topological André-Quillen homology vanishes.
1.1. Logarithmic ring spectra. Structured ring spectra provide a homotopical generalization of commutative rings which allows one to transfer many concepts from algebra to homotopy theory, including for example algebraic K-theory, Galois theory, and Morita theory. There are several equivalent definitions of structured ring spectra. In the present paper, we will work with the category of commutative symmetric ring spectra CSp Σ [10, 12, 20] . The objects are symmetric spectra which are commutative monoids with respect to the smash product of symmetric spectra.
To generalize the notions of pre-log and log structures, we need to know what the "underlying multiplicative monoid" of a commutative symmetric ring spectrum A is. If we were working in the more classical framework of E ∞ ring spectra, this would be the underlying multiplicative E ∞ space of an E ∞ spectrum. When dealing with (strictly) commutative symmetric ring spectra, it is more useful to model E ∞ spaces by commutative I-space monoids [17] . By definition, a commutative I-space monoid M is a space valued functor on the category of finite sets and injections I together with appropriate multiplication maps. These multiplications turn M into a commutative monoid with respect to a convolution product on this functor category. The category of commutative I-space monoids CS I admits a model structure making it Quillen equivalent to the category of E ∞ spaces. Moreover, there is a Quillen adjunction whose right adjoint models the underlying multiplicative monoid. An I-space pre-log structure on a commutative symmetric ring spectrum A is then a commutative I-space monoid M together with a map α :
The units of A are the subobject GL I 1 (A) of Ω I (A) given by the invertible path components. In analogy with the algebraic definition, an I-space pre-log structure (M, α) is an I-space log structure if α −1 (GL
is a weak equivalence of commutative I-space monoids.
Although this is an obvious and useful generalization of the algebraic definition, we would like to emphasize one aspect which is not optimal: If i : A → B is a map of commutative rings, then the pullback of
defines a log structure i * (B × ) on A. For example, the log ring (A, M ) in (1.1) arises from A → K in this way. Let ku be the connective complex K-theory spectrum. Since the Bott class u becomes invertible in π * (KU ), the periodic KU has more units in its homotopy groups, and one may hope that the map i : ku → KU into the periodic spectrum induces an interesting I-space log structure as in (1.3) . However, the pullback of
only provides the trivial log structure on ku. The problem is that GL The proof of the theorem depends heavily on our analysis of the group completion for commutative J -space monoids in [16] . The various I-space and operadic pre-log and log structures considered by Rognes [14] do not have this property.
1.5. Formally logétale extensions. Let (f, f ) : (R, P, ρ) → (A, M, α) be a map of log rings in the algebraic setup. If X is an A-module, a log derivation of (f, f ) with values in X is a pair (D, δ) where D : A → X is an ordinary R-linear derivation of A and δ : M → X is a monoid map such that δf = 0 and D(α(m)) = α(m)δ(m) [11, 13] . The resulting set of log derivations Der (R,P ) ((A, M ), X) is corepresented by the A-module of log Kähler differentials Ω 1 (A,M )/(R,P ) . This module is isomorphic to the quotient of Ω 
In the context of ring spectra, Basterra [5] has shown that R-linear derivations of A are corepresented by the topological André-Quillen homology TAQ R (A). Building on Basterra's result, Rognes has shown that log derivations of log ring spectra are corepresented by a log topological André-Quillen homology. In the present paper, we construct the corresponding graded log topological André-Quillen homology TAQ (R,P ) (A, M ). It corepresents graded log derivations. The definition and the analysis of the graded log TAQ rely on the equivalence between the homotopy category of grouplike commutative J -space monoids and a suitable homotopy category of augmented connective spectra established in [16] .
A map (R, P ) → (A, M ) of graded log ring spectra is formally graded logétale if the graded log topological André-Quillen homology TAQ (R,P ) (A, M ) is contractible.
For the proof, we replace these log structures by "smaller" pre-log structures and analyze them using group completions. As with Theorem 1.4, the I-space and operadic log structures on p and ku p considered by Rognes do not have this property.
It is also possible to transfer Rognes' notion of logarithmic topological Hochschild homology to our graded context. Applying this to the graded log structures discussed above provides interesting homotopy cofiber sequences relating logarithmic and ordinary THH. This is studied in detail in [15] .
1.7. Organization. In Section 2 we give background about symmetric spectra and commutative J -space monoids. Section 3 contains basic terminology about graded log structures. In Section 4 we study various pre-log and log structures generated by homotopy classes and obtain Theorem 1.4 as a special case of Theorem 4.4 proven there. The graded log topological André-Quillen homology is constructed in Section 5. Section 6 features the proof of Theorem 1.6. The final Section 7 contains auxiliary results about commutative J -space monoids.
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Symmetric ring spectra and structured diagram spaces
The category of symmetric spectra Sp Σ [10] is a stable model category whose homotopy category is equivalent to the stable homotopy category of algebraic topology. The smash product of symmetric spectra ∧ induces the smash product on the homotopy category. A commutative symmetric ring spectrum is a commutative monoid in (Sp Σ , ∧). We write CSp Σ for the category of commutative symmetric ring spectra. It admits a positive stable model structure [12] making it Quillen equivalent to the category of E ∞ spectra. So all homotopy types of E ∞ spectra are represented by commutative symmetric ring spectra, and in many cases it is even possible to write down explicit models in CSp Σ [20] .
2.1. Commutative I-space monoids. We will now recall from [17, §3] how one can use structured diagram spaces to model the "underlying multiplicative E ∞ spaces" of commutative symmetric ring spectra.
Definition 2.2. Let I be the category with objects the sets m = {1, . . . , m} for m ≥ 0 and morphisms the injective maps. The ordered concatenation of ordered sets turns I into a symmetric monoidal category with strict unit and associativity. The monoidal unit is the empty set 0. The symmetry isomorphism is the shuffle χ m,n : m n → n m moving the first m elements past the last n elements.
An I-space is a functor from I to the category of unpointed simplicial sets S. The resulting functor category S I of I-spaces inherits a symmetric monoidal product from I and S: For I-spaces X and Y , the product X Y is the left Kan extension of their object-wise cartesian product along − − :
The monoidal unit for is the I-space U I = I(0, −).
Definition 2.3.
A commutative I-space monoid is a commutative monoid in (S I , , U I ), and CS I denotes the category of commutative I-space monoids.
More explicitly, a commutative I-space monoid M is an I-space M together with multiplications M (k) × M (l) → M (k l) and a unit map * → M (0) satisfying appropriate coherence conditions. While strictly commutative simplicial monoids fail to model all homotopy types of E ∞ spaces, the additional symmetry of I-spaces and the use of a positive model structure ensure that E ∞ spaces admit strictly commutative models in I-spaces:
The category of commutative I-space monoids CS I admits a positive I-model structure making it Quillen equivalent to the category of E ∞ spaces.
The weak equivalences in this positive I-model structure are the I-equivalences, i.e., the maps f : M → N which induce weak equivalences f hI : M hI → N hI on homotopy colimits. Here
is the usual Bousfield-Kan homotopy colimit. A commutative I-space monoid A is fibrant in this model structure if every morphism k → l in I with k ≥ 1 induces a weak equivalence of Kan-complexes M (k) → M (l). The positivity condition k ≥ 1 ensures that we do not represent the common homotopy type of the M (k) by a commutative simplicial monoid.
Commutative I-space monoids are relevant in connection with symmetric ring spectra because there is a Quillen adjunction
with respect to the positive model structures [17, Proposition 3.19] . The right adjoint Ω I is on objects given by Ω I (A)(m) = Ω m (A m ), and the multiplication
For a positive fibrant A in CSp Σ , the Ω I (A) models the underlying multiplicative E ∞ space of A. The units GL 
2.5. Commutative J -space monoids. As explained in the introduction, the units GL I 1 (A) and other equivalent approaches used in the literature have the undesirable feature that they do not detect the difference between a periodic spectrum and its connective cover. We now recall from [17, §4] how we can overcome this by using a more subtle indexing category for structured diagram spaces. Definition 2.6. Let J be the category whose objects (m 1 , m 2 ) are pairs of objects in I. There are no morphisms (m 1 , m 2 ) → (n 1 , n 2 ) unless m 2 − m 1 = n 2 − n 1 , and in this case a morphism (m 1 , m 2 ) → (n 1 , n 2 ) is a triple (β 1 , β 2 , σ) with the β i : m i → n i injections and σ : n 1 \ β 1 (m 1 ) → n 2 \ β 2 (m 2 ) a bijection identifying the complements of β 1 and β 2 . The composition of
is β i α i in the first two entries and the map σ ∪ β 2 ρβ This category J is equivalent to Quillen's localization construction Σ −1 Σ on the category of finite sets and bijections Σ. By the Barratt-Priddy-Quillen theorem (see e.g. [22] ), the classifying space BJ has the homotopy type of QS
. We will frequently use that this model structure is both left and right proper.
2.12.
Group completions of commutative J -space monoids. We need a group completion functor for commutative J -space monoids in order to study the graded log structures we will define using CS J . In the case of I-spaces, it is easy to construct group completions because the usual bar construction for simplicial or topological monoids lifts to commutative I-space monoids [18, §4] . In J -spaces, the situation is different: The monoidal unit
In particular, a fibrant replacement functor for this model structure defines a functorial group completion M M gp for commutative J -space monoids. Weak equivalences between grouplike objects are J -equivalences.
We recall an example for a group completion that will become relevant later:
be the free commutative J -space monoid on a point in degree (m 1 , m 2 ). We set m = m 2 − m 1 and assume m = 0 and m 1 > 0. Then M is concentrated in Jspace degrees mk for k ∈ N 0 , i.e., M (n 1 , n 2 ) = ∅ unless n 2 − n 1 is of the form mk. The same argument as in [18, Example 3.7] shows that M hJ n≥0 BΣ n , and it follows from the Barratt-Priddy-Quillen theorem that the group completion
Symmetric ring spectra with logarithmic structures
In the first part of this section we introduce the basic definitions, examples, and constructions for the theory of graded topological logarithmic structures. In many cases these are the straightforward modifications of the corresponding notions for topological logarithmic structures studied by Rognes [14, §7] . The difference is that we replace the commutative I-space monoids (modeling E ∞ spaces) used in Rognes' I-space log structures theory by commutative J -space monoids (modeling graded E ∞ spaces). Both Rognes' and our notions may be viewed as homotopical generalizations of the affine version of the corresponding concepts in logarithmic geometry as for example described by Kato [11, §1] and Ogus [13] .
In the second part of this section, we give a first result in which our graded log structures show a desirable behavior which is not shared by I-space pre-log structures: We prove that the localization of the free graded pre-log structure on a ring spectrum inverts the homotopy class of its generator in the homotopy groups of the ring spectrum.
3.1. Pre-log structures, log structures, and logification. Throughout this section, we let A be a positive fibrant commutative symmetric ring spectrum. Using the adjunction (
, Ω J ) relating commutative J -space monoids and commutative symmetric ring spectra, we can state
is a graded pre-log structure on A, the triple (A, M, α) is a graded pre-log ring spectrum. We write (A, M ) for (A, M, α) if α is understood from the context.
of graded pre-log ring spectra consists of a map f : A → B of commutative symmetric ring spectra and a map f : M → N of commutative J -space monoids such that βf = (Ω J (f ))α. We call (f, f ) a weak equivalence if f is a stable equivalence of symmetric spectra and f is a Jequivalence.
Remark 3.3. We explained in the introduction that the notion of pre-log and log structures defined here differs from Rognes' notion in [14] . We therefore use the attribute "I-space" for the various notions of pre-log and log structures considered in [14] to distinguish them from their graded counterparts studied in the present paper. When there is no risk of confusion with Rognes' definition, we occasionally drop the "graded" in our notion to ease notation. 
from the free commutative J -space monoid on a point in degree (n 1 , n 2 ) to Ω J (A). This map defines the free graded pre-log structure on A. We write (A, C(x)) for the resulting graded pre-log ring spectrum.
Example 3.6. Let (B, N, β) be a graded pre-log ring spectrum and let f : A → B a map of commutative symmetric ring spectra. The pullback diagram
provides a graded pre-log structure (f * N, f * β) on A. Following the terminology of [14, Definition 7 .26], we call (f * N, f * β) the graded direct image pre-log structure induced by f and (N, β). It comes with a canonical map (A, f * N ) → (B, N ). Because CS J is right proper, assuming that β is a positive J -fibration or that f is a positive fibration in CSp Σ ensures that this preserves weak equivalences. (The attribute "direct image" is taken from the algebraic notion of log rings where the variance refers to the associated affine log schemes [11] .) Definition 3.7. Let (M, α) be a graded pre-log structure on a positive fibrant commutative symmetric ring spectrum A and consider the pullback diagram
Then (M, α) is a graded log structure if α is a J -equivalence. A graded log ring spectrum (A, M ) is a graded pre-log ring spectrum with a graded log-structure.
In the definition, our assumption that A is positive fibrant ensures that Ω J (A) and GL J 1 (A) capture the desired homotopy types. Since GL
is an inclusion of path components, it is a positive J -fibration. Hence (3.2) is homotopy cartesian because CS J is right proper, and condition of (A, M ) being a log ring spectrum is homotopy invariant.
provides the trivial graded log structure on A.
Example 3.9. Let (B, N ) be a graded log ring spectrum and let f : A → B be a map of positive fibrant commutative symmetric ring spectra. Forming the base change of β :
shows that that the graded direct image pre-log structure f * N of Example 3.6 is a log structure if β is a positive J -fibration or f is a positive fibration in CSp Σ .
Example 3.10. Combining the last two examples, any map f : A → B of positive fibrant objects in CSp Σ gives rise to the graded log structure f * (GL
We call this the graded direct image log structure induced by f . This applies for instance to the map of complex K-theory spectra i : ku → KU which exhibits the connective ku as the connective cover of the periodic KU . We will study the properties of this log structure in Section 4. As mentioned in the introduction, the I-space counterpart of this construction only provides the trivial log structure since both Ω I (ku) → Ω I (KU ) and GL
There is a logification process turning pre-log structures into log structures: Construction 3.11. If (M, α) is a graded pre-log structure on A, we choose a (functorial) factorization
, and the universal property of the pushout provides the map α a : M a → Ω J (A). This construction preserves weak equivalences: Left properness of CS J ensures that the pushout coincides with the homotopy pushout. The pre-log structure (M a , α a ) is the associated graded log structure of (A, M ), and the canonical map (M, α) → (M a , α a ) is the logification of (M, α).
This terminology is justified by the following Lemma 3.12. The associated graded log structure (M a , α) is a log-structure. If (A, M ) is a graded log ring spectrum, then the logification is a weak equivalence.
Proof. For brevity we write W = Ω J (A). Let W × = GL J 1 (A) be union of invertible path components, and let W be the complement of W × , i.e., the J -space given by the components of W which are not invertible. For a map N → W in CS J , we let N = N N be the decomposition of the underlying J -space of N into the part N = N × W W × that maps to the units and the part N = N × W W that maps to the non-units. Then α −1 GL J 1 (A) = M , and there are isomorphisms
Since G maps to the units and M M G maps to the non-units, this shows
is a log structure. The second assertion is clear because the cofibration α
The proof of the previous lemma also shows
is weakly equivalent to the trivial graded log structure.
3.14. Log structures and localization. In this paragraph we consider a positive fibrant commutative symmetric ring spectrum A with a graded pre-log structure (M, α).
As discussed in Section 2.12, we can form the group completion M M gp of M . Combining this map with α : M → Ω J (A) and using the left adjoint
of Ω J , we obtain the following diagram in CSp Σ :
A of the diagram (3.4) in the category of commutative symmetric ring spectra is the localization of the graded pre-log ring spectrum (A, M ).
Since the group completion is defined as a functorial fibrant replacement, this is functorial. If M is cofibrant, the fact that M → M gp is a cofibration ensures that the localization sends weak equivalences of pre-log ring spectra to stable equivalences. To ensure this desirable property, we implicitly form a cofibrant replacement of M whenever we consider A[M −1 ] for a non-cofibrant M . The localization of (A, M ) does only depend on its logification:
Proof. By definition, the right hand square in
is a pushout. Let Q be the pushout of
sends J -equivalences between cofibrant objects to stable equivalences, the diagram shows that it is enough to show that the canonical
gp is a J -equivalence. For this we consider the iterated pushout
gp are acyclic cofibrations in the group completion model structure. By cobase change this holds for M a → Q, and two out of three shows that Q → (M a ) gp is a weak equivalence in the group completion model structure. We need to show that Q is grouplike in order to see that it is a Jequivalence. By definition, Q is grouplike if Q hJ is. The canonical map
Since M gp and G are grouplike, the domain of the surjection (3.5) is a group, and so is π 0 (Q hJ ).
We recall from [20] that the process of inverting an element in a graded ring can be lifted from homotopy groups to symmetric ring spectra: In many interesting cases, we can now identify the localizations of the free graded pre-log structures introduced in Example 3.4: Proposition 3.19. Let A be a positive fibrant commutative symmetric ring spectrum, and let x : S n2 → A n1 represent a homotopy class [x] ∈ π * (A) of degree n = n 2 − n 1 . Then the localization A[(C(x))
−1 ] of the free graded pre-log structure C(x) associated with x is stably equivalent to the commutative symmetric ring spectrum A[1/x].
Remark 3.20. The proposition exhibits one of the key features of graded log structures: The map x also generates a free I-space pre-log structure on S n [14, Example 7.18]. However, the localization of this I-space pre-log structure is a homotopy pushout of connective ring spectra, and will not give A
Proof of Proposition 3.19.
, Ω J ) turns this into maps in CSp Σ , and the universal property of the pushout provides a map A[C(x)
Factoring this map as
gives a fibrant replacement P of A[C(x) −1 ], and it is enough to show that the map of A-algebras P → A[1/x] is a stable equivalence.
We first show that the map induced by the composite A → A[C(x) −1 ] → P sends the homotopy class of x to a unit in π * (P ): The image of [x] is invertible in π * (P ) if and only if the image of x in π 0 ((Ω J P ) hJ ) represents a unit. The latter condition is satisfied since by construction, the image of x in π 0 ((Ω J P ) hJ ) lies in the image of the homomorphism π 0 ((C(x) gp ) hJ ) → π 0 ((Ω J P ) hJ ) whose domain is a group. Hence Corollary 3.18 provides a map A[1/x] → P of A-algebras.
The composite A[1/x] → P → A[1/x] is a stable equivalence: The induced map of homotopy groups π * (A) [ 
is a map under π * (A) and hence an isomorphism. So it remains to show that the composite P → A[1/x] → P is a stable equivalence. Let us write k for this map. We use the acyclic cofibration j : A[C(x)
−1 ] → P defined above and claim that j and kj are homotopic as maps of A-algebras. By adjunction, these maps correspond to two possible extensions of C(x) → GL
gp . Applying the homotopy uniqueness of lifts in model categories [9, Proposition 7.6.13] to this extension problem in the group completion model structure shows that the extensions are homotopic, and it follows that j and kj are homotopic. So k is a stable equivalence because j is.
Direct image log structures generated by homotopy classes
In this section we compare various ways of how classes in the homotopy groups of connective ring spectra give rise to graded pre-log and log structures and apply this to the case of K-theory spectra.
4.1.
Log structures on connective ring spectra. As before we let A be a positive fibrant commutative symmetric ring spectrum. In addition, we now assume that A is connective and fix a map x : S n2 → A n1 with n 1 ≥ 1 that represents a non-trivial homotopy class [x] ∈ π * (A) of even positive degree n = n 2 − n 1 such that the localization map i : A → A[1/x] of Proposition 3.17 exhibits A as the connective cover of A [1/x] . This means that i : A → A[1/x] induces an isomorphism on stable homotopy groups of non-negative degrees. The connective complex Ktheory spectrum and the Bott class are the motivating example for this setup.
Since A is positive fibrant, the existence of such a representing map x for the relevant homotopy class is always ensured. Our assumptions in particular imply that A represents a non-trivial homotopy type and that [x] is not already a unit in π * (A). So x has a chance to generate a non-trivial log structure.
We have already introduced the free graded pre-log structure C(x) on A (Example 3.4) and the graded direct image log structure i * GL (Example 3.9 ). To clarify their properties and relationship, we consider another less obvious but highly useful graded pre-log structure arising in this setup: Then the graded pre-log structures in the bottom line of (4.2) are log structures, the two vertical maps induce weak equivalences after logification, and the localization of all four graded pre-log and log structures on A is stably equivalent to A[1/x].
In other words, x induces two different graded log structures C(x) GL The reason for introducing D(x) is that it is a convenient presentation of the log-structure i * GL 
of j in the category of log schemes that provide relative compactifications of j.
In the evolving subject of derived algebraic geometry, one often considers sheaves of connective E ∞ spectra. The above suggests that graded log structures might be useful for treating sheaves of periodic E ∞ ring spectra.
In order to prove the theorem, we begin with giving a more explicit description of the homotopy type of the commutative J -space monoid D(x). 
If m 2 − m 1 is negative, the pullback is empty because the image of a point in 
4.12.
Log structures on K-theory spectra. The connective complex K-theory spectrum ku and its p-local or p-complete counterparts ku (p) and ku p at a prime p are E ∞ ring spectra (see e.g. [7] or [20] ). They can hence be represented by positive fibrant commutative symmetric ring spectra. The Bott class u ∈ π * (ku)
) is a homotopy class of degree 2, and the corresponding periodic theories KU , KU (p) , and KU p can be obtained by inverting the Bott class. Theorem 4.4 implies that the periodic spectra give rise to direct image log structures on the connective spectra whose localization is the periodic theory.
If p is odd, the same applies to the p-local Adams summand of ku (p) and the pcomplete Adams summand p of ku p . Baker and Richter have shown that admits a unique E ∞ structure [4, Corollary 1.4] and that the resulting E ∞ structure on p coincides with the one considered for example in [1, §2.1]. Therefore, these spectra may be represented by positive fibrant commutative symmetric ring spectra. This time, So the right hand square in (4.5) commutes. The relation (ι p ) * (v 1 ) = u p−1 provides the commutativity of the outer square in the diagram
gp in which the left hand vertical map sends the generator in C(v 1 ) to the (p − 1)-fold power of the generator in C(u). The indicated acyclic cofibrations and fibrations in the diagram refer to the group completion model structure, and the lifting axiom in this model structure provides the dotted map. Passing to the pullbacks defining the direct image pre-log and log structures gives the commutativity of the diagram in the statement of the lemma. The p-local case works analogously.
Remark 4.14. The previous proposition exhibits another advantage of graded log structures: As explained in [14, Remark 7.19] , the free I-space pre-log structures on and ku (p) do not allow to extend ι (p) to a map of pre-log ring spectra. In [14] , Rognes develops a theory of based I-space log structures in order to make this possible. Because of the proposition, we do not need to address a based version of graded log structures for this purpose.
Using the adjunction (S
of Proposition 4.13 induces a commutative square in CSp Σ :
The following proposition will become crucial in Section 6:
Proposition 4.15. The square (4.6) is a homotopy cocartesian square of commutative symmetric ring spectra, and the same holds in the p-local case.
As explained in [14, Example 12.16 and Example 12.17], the counterpart of this statement for the based I-space pre-log structures on these spectra does not hold. It will also become clear from the proof that this does not hold if we replace D(v 1 ) and D(u) by the free graded log structures C(v 1 ) and C(u) on these spectra. 
Composing the canonical maps J ((1, 3) , 
Our cofibrancy assumptions imply that the smash products coincide with the derived smash products. The claim of the proposition is that the last map in (4.7) is a stable equivalence, and it is enough to show that the first two maps and the composition of all three maps in (4.7) are stable equivalences. The first map is a stable equivalence because E → E is an acyclic cofibration, and these are preserved by
Using [17, Lemma 14.3] , the composite map can be identified with the map
induced by multiplication with iterated powers of the map F 1 S 3 → ku p from the free symmetric spectrum F 1 S 3 Σ 2 S specified by u. It is a stable equivalence since π * (ι p ) sends v 1 to u p−1 . It remains to verify that the middle map in (4.7) is a stable equivalence. By construction and Lemma 4.6, the map
Q ≥0 S 0 is multiplication with (p−1). Since the multiplication with the image of the generator id (3, 1) of C(u) in D(u) is a weak equivalence, it follows that (E ) hJ → D(u) hJ is a π 0 -isomorphism and a π i (−) ⊗ Z (p) -isomorphism for i ≥ 1. Using the homotopy fiber sequence of [17, Lemma 4.2] and the fact that E and D(u) are positive fibrant, a five lemma argument implies that for all objects (n 1 , n 2 ) of J with n 1 ≥ 1,
is a π 0 -isomorphism and a π i (−) ⊗ Z (p) -isomorphism for i ≥ 1. Since the map D(u) hJ → BJ is a map of associative simplicial monoids, the non-empty homotopy cofibers have the homotopy types of simplicial monoids. Hence the components of the D(u)(n 1 , n 2 ) for n 1 ≥ 1 are simple spaces. The same argument applies to D(v 1 ) hJ → BJ , and the commutative diagram
implies that the components of E (n 1 , n 2 ) for n 1 ≥ 1 are simple spaces. It follows that the map (4.8) is a map of spaces with nilpotent path components and hence a H * (−; Z (p) )-equivalence. The cofibrancy assumptions on D(v 1 ) and D(u) imply that the Σ n2 -actions onis a p-local equivalence. After cobase change along S J [D(v 1 )] → p , it becomes a plocal equivalence of p -modules and hence a stable equivalence. The same arguments apply in the p-local case.
Remark 4.16. The p-complete complex K-theory spectrum ku p admits other interesting graded pre-log structures. Let p : S 1 → (ku p ) 1 and u : S 3 → (ku p ) 1 represent the homotopy classes p ∈ π 0 (ku p ) and u ∈ π 2 (ku p ). As explained in Remark 4.11, we get a pre-log structure D(p) even though p has degree 0. Using that is the coproduct in CS J , we obtain a pre-log structure D(p) D(u) → Ω J (ku p ) on ku p . The resulting pre-log ring spectrum (ku p , D(p) D(u)) has a canonical map to ku p [1/p, 1/u] with its trivial log structure. In view of Rognes' discussion in [14, §1.9] , (ku p , D(p) D(u)) is a candidate for a hypothetical object known as the fraction field of topological K-theory. Its existence is supported by algebraic K-theory computations of Ausoni-Rognes [2] . This example emphasizes that it is potentially interesting to develop an algebraic K-theory of graded log ring spectra. We intend to pursue this in a later paper.
Logarithmic topological André-Quillen homology
In this section we define graded log derivations and graded log topological André-Quillen homology. To a large extent, this works analogous to the log TAQ for I-space log ring spectra developed by Rognes in [14, §10 and §11]. Thus our presentation may also serve as a review of Rognes constructions. However, there are also some differences: The fact that commutative J -space monoids do not admit a zero object requires some extra care when dealing with square zero extensions, derivations, and their corepresenting objects. To make this section more readable, we have deferred the proof of the necessary technical results about commutative J -space monoids to Section 7.
5.1. Logarithmic derivations. Throughout this section let A be a positive fibrant commutative symmetric ring spectrum and let X be a left A-module spectrum.
Because A is commutative, we may also view X as a right A-module. The square zero extension of A by X is the commutative A-algebra A ∨ X with multiplication
induced by A ∧ A → A, the (left and right) A-module structure on X, and the trivial map X ∧ X → * . The map X → * induces an augmentation A ∨ X → A.
Since A ∨ X is clearly not fibrant and we will often consider maps into it, we fix a notation for a fibrant replacement: Definition 5.2. We write A ∨ f X for the positive fibrant replacement of A ∨ X in commutative symmetric ring spectra which is defined by the factorization
The diagram induces a sequence of maps (
J ) a graded pre-log ring spectrum under and over (A, M ). Using this, we can state the homotopical counterpart of the algebraic notion of log derivations outlined in the introduction:
Definition 5.7. Let (R, P ) → (A, M ) be a map of graded pre-log ring spectra and let X be an A-module. A graded log derivation of (A, M ) over (R, P ) with values in X is a map
under (R, P ) and over (A, M ). That is, (d, d ) is a map such that the diagram
commutes.
We will use this notion to motivate and justify the definition of logarithmic topological André-Quillen homology below.
For later use we note two more properties of the induced pre-log structure on the square zero extension:
If (A, M ) is a graded log ring spectrum, then so is
Proof. It follows from the lifting axioms that (M, α) → (M a , α a ) extends to the map of pre-log ring spectra (5.2). Since the log condition and the logification are invariant under weak equivalences, it is enough to check the claim for the pre-log structures defined by M (1 + X)
J and M a (1 + X) J . Let (M, α) be a pre-log structure. In the notation of Lemma 3.12, M decomposes as the part M that maps to the units GL 5.10. Spaces of maps between graded pre-log ring spectra. When working with mapping spaces, one often has to ensure a cofibrant domain and a fibrant codomain. To implement this in the case at hand, we use the following "projective" model category structure on graded pre-log ring spectra whose proof easily follows from the fact that (S J 
). If (A, M ) and (B, N ) are graded pre-log ring spectra, then their structure maps induce a diagram Hence the mapping space Map P is invariant under weak equivalences in both variables if the objects are sufficiently cofibrant and fibrant.
If C is a model category and E → G is a map in C, then there is a canonical model structure on the category C E G of objects under E and over G: Objects in C E G are factorizations E → F → G, and a map from E → F → G to E → F → G is a weak equivalence, cofibration, or fibration if and only if its projection to F → F is. If C is in addition a simplicial model category, taking iterated pullbacks of diagrams induced by the augmentation and the coaugmentation of the domain and the codomain defines mapping spaces for C E G . Definition 5.14. Let (R, P ) → (A, M ) be a cofibration of graded pre-log ring spectra and let X be a fibrant A-module. The space of graded log derivations of (A, M ) over (R, P ) with values in X is the mapping space
This is homotopically meaningful because (A ∨ f X, (M + X) J ) is fibrant.
5.15. Construction of graded log TAQ. We will now explain how the space Der (R,P ) ((A, M ), X) can be corepresented by an A-module. We start by decomposing this space as a homotopy pullback. For this we will write Map Der
The description of the mapping space in ( By definition, the upper right hand corner of (5.4) is the space Der R (A, X) of R-algebra derivations of A with values in X. The corepresenting object has been constructed by Basterra [5] and is known as the topological André-Quillen homology TAQ R (A) of R → A. It has been extensively studied in the literature. We briefly recall the construction of TAQ from [5] : Using the left derived product over R, the map R → A gives rise to an augmented A-algebra A ∧ . The fact that Basterra uses S-modules in the sense of [7] rather than symmetric spectra in her description may be dealt with by either mimicking her approach in symmetric spectra, or using Schwede's equivalence between symmetric spectra and S-modules [21] to go back and forth between the two setups.
As indicated above, we shall mostly need the following result about TAQ:
In the proposition, γ(M )/γ(P ) is the homotopy cofiber of the map of Γ-spaces induced by P → M , and A∧(γ(M )/γ(P )) is the A-module spectrum obtained from the spectrum associated with γ(M )/γ(P ) by extension of scalars along S → A.
As functors in X, the mapping spaces in all but the upper left hand corner of the square (5.4) are corepresented by A-modules. Hence we obtain the following maps between the corepresenting objects:
Definition 5.20. Let (R, P ) → (A, M ) be a map of graded pre-log ring spectra. The graded log topological André-Quillen homology TAQ (R,P ) (A, M ) of (A, M ) over (R, P ) is the A-module given by the homotopy pushout of (5.5).
We call this log TAQ rather than pre-log TAQ because it is invariant under logification. We prove this in Corollary 6.7 below. The following result is the main motivation behind the definition of TAQ (R,P ) (A, M ):
) be a cofibration of graded pre-log ring spectra, let (A, M ) be fibrant, and let X be a fibrant A-module. There is a weak equivalence between Map A-Mod (TAQ (R,P ) (A, M ), X) and Der (R,P ) ((A, M ), X). Examples of formally graded logétale extensions will be given in the next section.
Proof. Since Map

Logétale extensions of K-theory spectra
Let p be an odd prime. Recall from Proposition 4.13 that the inclusion of the p-complete Adams summand into the p-complete connective K-theory spectrum Proof. The proof is completely analogous to the proof of [14, Lemma 11 .25]: The defining homotopy pushout (5.5) shows that the homotopy cofiber of the left map in (6.1) is equivalent to the homotopy cofiber of
We now look at the square
induced by the logification of (R, P ) and (A, M ). The following lemma is the graded analogue of [14, Lemma 11.9] . In the lemma, we implicitly assume that the vertical arrows in ( γ(U J ) is contractible, the fiber γ(N ) fib of γ(N ) → γ(U J ) is a possible choice for a fibrant replacement of γ(N ). We obtain a commutative diagram
The resulting equivalence between γ(M ) × γ(N ) fib and γ(M N ) lies over γ(M ) because the bottom composition is the identity. It is easy to see that we get maps under γ(M ) and hence under γ(P ). The claim follows using the J -equivalence M (1 + X) J → (M + X) J .
Writing γ(M )/γ(P ) for a cofibrant model of the homotopy cofiber of the map of Γ-spaces γ(P ) → γ(M ), we can now use the relation between commutative Jspace monoids and Γ-spaces established in [16, §7] J is grouplike, the Γ-space γ(1 + X) J is very special and its level fibrant replacement (γ(1 + X) J ) fib is fibrant in the stable model structure on Γ-spaces. Since the latter model structure can be constructed as a left Bousfield localization of (Γ op -S) pre , spaces of maps into (γ(1 + X) J ) fib coincide in these two model structures. So we have built a weak equivalence
Applying the functor Map Γ op -S (−, (γ(1 + X) J ) fib ) to the pushout
shows that the space Map γ(P ) γ(M ) cof , (γ(1 + X) J ) fib is weakly equivalent to Map Γ op -S γ(M )/γ(P ), (γ(1 + X) J ) fib .
Using Lemma 7.3 and Proposition 5.5, we can prove the remaining proposition:
Proof of Proposition 5.19. By Lemma 7.3, the space of commutative J -space derivations is weakly equivalent to Map Γ op -S γ(M )/γ(P ), (γ(1 + X) J ) fib . We have shown in Proposition 5.5 that the Γ-space γ(1+X) J models the connective cover of the underlying spectrum of X. Keeping the notation γ(M )/γ(P ) for the (symmetric) spectrum associated with γ(M )/γ(P ) [12] , this spectrum being connective implies that the mapping space in question is equivalent to Map Sp Σ (γ(M )/γ(P ), X). The desired equivalence to Map A-Mod (A ∧ (γ(M )/γ(P )), X) follows by extension of scalars along S → A.
